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Abstract
A finite group P is said to be primary if |P | = pa for some prime p. We say a primary
subgroup P of a finite group G satisfies the Frobenius normalizer condition in G if NG(P )/CG(P )
is a p-group provided P is p-group.
In this paper, we determine the structure of a finite group G in which every non-subnormal
primary subgroup satisfies the Frobenius normalized condition. In particular, we prove that if
every non-normal primary subgroup of G satisfies the Frobenius condition, then G/F (G) is cyclic
and every maximal non-normal nilpotent subgroup U of G with F (G)U = G is a Carter subgroup
of G.
1 Introduction
Throughout this paper, all groups are finite and G always denotes a finite group. Moreover, P is the
set of all primes, p ∈ pi ⊆ P and pi′ = P \ pi; p′ = P \ {p}. If n is an integer, the symbol pi(n) denotes
the set of all primes dividing n; as usual, pi(G) = pi(|G|), the set of all primes dividing the order of
G. Recall also that G is said to be primary if |G| = pa for some prime p. A normal subgroup N of
G is said to be hypercentral in G if either N = 1 or every chief factor H/K of G below N is central,
that is, CG(H/K) = G. The product of all hypercentral subgroups of G is called the hypercentre of
G and denoted be Z∞(G).
The nature of the embedding of primary subgroups in the group has a significant effect on the
structure of this group (see the books [1, 2] and the surveys in [3, 4]). Recall, for example, that by the
well-known Frobenius theorem [5, IV, Satz 5.8], G is p-nilpotent if and only if for every p-subgroup
P of G the section NG(P )/CG(P ) is a p-group too.
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Definition 1.1. We say that a primary subgroup P of G satisfies the Frobenius normalizer
condition in G if NG(P )/CG(P ) is a p-group provided P is a p-group.
Thus G is nilpotent if and only if every primary subgroup of G satisfies the Frobenius normalizer
condition in G.
Before continuing, consider the following example.
Example 1.2. (i) Let p > q > r > t be primes, where q divides p − 1 and t divides r − 1. Let
Cp ⋊ Cq be a non-abelian group of order pq, Cr ⋊ Ct be a non-abelian group of order rt, and let
G = (Cr ⋊ Ct)× (Cp ⋊ Cq). Then every non-normal primary subgroup of G satisfies the Frobenius
normalizer condition in G.
(ii) Recall that G is called semi-nilpotent (see Section 7 in [7, Ch. 4] if the normalizer of every
non-normal nilpotent subgroup of G is nilpotent. It is clear that in every semi-nilpotent group G,
every non-normal primary subgroup satisfies the Frobenius normalizer condition in G. The converse
is not true in general case (see the group G in Part (i)).
The Example 1.2(i) shows that groups in which every non-normal primary subgroup satisfies the
Frobenius normalizer condition may be non-nilpotent. Nevertheless, our first result shows that the
groups with such a property have the structure very close to the structure of nilpotent groups.
Theorem 1.3. If every non-normal primary subgroup of G satisfies the Frobenius normalizer
condition, then G/F (G) is cyclic and all maximal nilpotent subgroups U of G with F (G)U = G are
Carter subgroups of G.
We prove Theorem 1.3 being based on the following our general result.
Theorem 1.4. Suppose that every non-subnormal primary subgroup ofG satisfies the Frobenius
normalizer condition. Then G is either of the following type:
(a) G is nilpotent.
(b) G is soluble and G has a Sylow basis P1, . . . , Pt such that:
(i) For some 1 ≤ r < t the subgroups P1, . . . , Pr are normal in G, Pi is not normal in G for all
i > r and E = Pr+1 · · ·Pt is nilpotent.
(ii) F (G) is a maximal nilpotent subgroup of G and F (G) = F0(G)Z∞(G), where F0(G) =
P1 · · ·Pr.
(iii) NG(E) is a Carter subgroup of G.
(iv) VG = Z∞(G) for every maximal nilpotent subgroup V of G such that G = F (G)V .
Conversely, if G is a group of type (a) or (b), then every non-subnormal primary subgroup of G
satisfies the Frobenius normalizer condition.
In view of Example 1.2(ii) we get from Theorems 1.4 the following
Corollary 1.5 (See Theorem 7.6 in [7, Ch. 4]). If G is semi-nilpotent and F0(G) denotes the
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product of its normal Sylow subgroups, then G/F0(G) is nilpotent.
Corollary 1.6 (See Theorem 7.8 in [7, Ch. 4]). If G is semi-nilpotent, then:
(a) F (G) is a maximal nilpotent subgroup of G.
(b) If U is a maximal nilpotent subgroup of G and U is not normal in G, then UG = Z∞(G).
Proof. If U is a maximal nilpotent subgroup of G and U is not normal in G, then NG(U) = U ,
so U is a Carter subgroup of G. Hence we get both the Statements (a) and (b) from Theorem 1.4.
From Theorems 1.3 we get the following
Corollary 1.7 (Chih-Han Sah [6]). If G is semi-nilpotent, then G/F (G) is cyclic.
2 Proof of Theorem 1.4
Recall that G is called a Schmidt group if G is not nilpotent but every proper subgroup of G is
nilpotent.
Lemma 2.1 (See [2, Ch. 1, Proposition 1.9]). If G is a Schmidt group, then G = P ⋊Q, where
P = G′ is a Sylow p-subgroup of G and Q is a Sylow q-subgroup of G for some primes p 6= q.
G is said to be p-decomposable if G = Op(G) ×Op′(G).
Lemma 2.2. Suppose that G is soluble and let P1, . . . , Pt be a Sylow basis of G, where Pi is a
pi-group for all i. If NG(Pi) is a pi-decomposable for all i = 1, . . . t, then G is nilpotent.
Proof. Let R be a minimal normal subgroup of G. Then R is a pk-group for some k since G
is soluble by hypothesis. Moreover, P1R/R, . . . , PtR/R is a Sylow basis of G/R. It is clear also that
NG(Pi)R = NG(PiR), so
NG/R(PiR/R) = NG(Pi)R/R ≃ NG(Pi)/NG(Pi) ∩R
is pi-decomposable for all i. Therefore the hypothesis holds for G/R, soG/R is nilpotent by induction.
Hence Pk/R is normal in G/R, so G = NG(Pk) is pk-decomposable. Let N be a minimal normal
subgroup of G contained in Op′
k
(G). Then G/N is nilpotent, so G ≃ G/1 = G/R ∩ N is nilpotent.
The lemma is proved.
Lemma 2.3. Let H, E and N be subgroups of G, where H is a p-subgroup of E and N is a
soluble normal subgroup of G. If NG(H)/CG(H) is a p-group and either N ≤ H or (|N |, |H|) = 1,
then NG/N (NH/N)/CG/N (HN/N) and NE(H)/CE(H) are p-groups.
Proof. First assume that (|N |, |H|) = 1. Then NG(NH) = NNG(H), so
NG/N (NH/N)/(CG(H)N/N) = (NG(NH)/N)/(CG(H)N/N) = (NG(H)N/N)/(CG(H)N/N)
≃ NG(H)N/CG(H)N ≃ NG(H)/(NG(H) ∩NCG(H)) = NG(H)/CG(H)(NG(H) ∩N)
≃ (NG(H)/CG(H))/(CG(H)(NG(H) ∩N)/CG(H))
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is p-group, where CG(H)N/N ≤ CG/N (NH/N). Hence NG/N (NH/N)/CG/N (NH/N) is a p-group.
Similarly one can shows that NG/N (H/N)/CG/N (H/N) is a p-group in the case when N ≤ H.
Finally,
NE(H)/CE(H) = (NG(H) ∩ E)/(CG(H) ∩E) ≃ (NG(H) ∩ E)CG(H)/CG(H)
is a p-group. The lemma is proved.
Lemma 2.4. If A is a subnormal nilpotent pi-subgroup of G, then A ≤ Opi(G) ∩ F (G).
Proof. There is a subgroup chain A = A0 ≤ A1 ≤ · · · ≤ An = G such that Ai−1 E Ai for all
i = 1, . . . , n. We can assume without loss of generality that M = An−1 < G. Then by induction we
have that A ≤ Opi(M) ∩ F (M). On the other hand, the subgroups Opi(M) and F (M) are normal in
G since they are characteristic in M , so Opi(M) ≤ Opi(G) and F (M) ≤ F (G). The lemma is proved.
Proposition 2.5. Suppose that for any Sylow p-subgroup P of G, every non-subnormal subgroup
H of G contained in the focal subgroup G′ ∩ P satisfies the Frobenius normalizer condition in G.
Then G is p-soluble.
Proof. Assume that this proposition is false and let G be a counterexample of minimal order.
Then p ∈ pi(G).
(1) If A is any p-closed Schmidt subgroup of G, where p divides |A|, then for some minimal
normal subgroup R of G we have R ≤ Op(G).
Let Ap be the normal Sylow subgroup of A. Then Ap = A
′ ≤ G′ ∩Gp for some Sylow p-subgroup
Gp of G by Lemma 2.1. On the other hand, Ap does not satisfy the Frobenius normalizer condition
in G since A ≤ NG(Ap) and A is not p-nilpotent. Therefore Ap is subnormal in G by hypothesis, so
Ap ≤ Op(G) by Lemma 2.4. Hence we have (1).
(2) Every maximal subgroup of G is p-soluble.
First we show that the hypothesis holds for every subgroup E of G. Indeed, let p ∈ pi(E) and
let H be any non-subnormal p-subgroup of E such that for some Sylow p-subgroup Ep of E we have
H ≤ E′ ∩ Ep. Then for some Sylow p-subgroup Gp of G we have Ep ≤ Gp. On the other hand, H
is not subnormal in G by [8, Ch. A, Lemma 14.1(a)] since it not subnormal in E and H ≤ G′ ∩ Gp
since E′ ≤ G′. Hence H satisfies the Frobenius normalizer condition in G by hypothesis and hence
H satisfies the Frobenius normalizer condition in E by Lemma 2.3. Therefore the hypothesis holds
for E, so the choice of G implies that every maximal subgroup M of G is p-soluble.
(3) F (G) = Φ(G) and G/F (G) is a non-abelian simple group of order divisible by p. Hence
G′ = G.
Let N be any normal proper subgroup of G. Then N is p-soluble by Claim (2). Suppose that
N M for some maximal subgroupM of G. Then G/N ≃M/M∩N is p-soluble by Claim (2) and so
G is p-soluble, contrary to our hypothesis about G. Therefore N ≤ Φ(G) ≤ F (G), so F (G) = Φ(G)
and G/F (G) is a non-abelian simple group of order divisible by p. Hence we have (3).
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The final contradiction. Since G is not p-soluble, it is not p-nilpotent. Hence G has a subgroup A
such that A is not p-nilpotent but every maximal subgroup of A is p-nilpotent. Then A is a p-closed
Schmidt group with p ∈ pi(A) by [5, Ch. IV, Satz 5.4]. Then for some minimal normal subgroup N
of G we have N ≤ Op(G) by Claim (1).
Let H/N be any non-subnormal p-subgroup of G/N such that for some Sylow p-subgroup P/N
of G/N we have H/N ≤ (G/N)′ ∩ (P/N). Then P is a Sylow p-subgroup of G and, by Claim (3), H
is a non-subnormal p-subgroup of G such that H ≤ P = P ∩G′. Therefore H satisfies the Frobenius
normalizer condition in G by hypothesis and hence H/N satisfies the Frobenius normalizer condition
in G/N by Lemma 2.3. Therefore the hypothesis holds for G/N . The choice of G implies that G/N
is p-soluble and so G is p-soluble. The proposition is proved.
We use in our proof the following properties of the subgroup Z∞(G).
Lemma 2.6 (See Theorem 2.6 in [2, Ch. 1]). Let Z = Z∞(G). Let A, B and N be subgroups
of G, where N is normal in G.
(1) If N ≤ Z, then Z/N = Z∞(G/N).
(2) If A is nilpotent, then ZA is also nilpotent. Hence Z is contained in each maximal nilpotent
subgroup of G.
(3) If G/Z is nilpotent, then G is also nilpotent.
The following Lemma is a corollary of Lemma 2.6(3) and [8, Ch. A, Theorem 9.3(c)].
Lemma 2.7. F (G)/Φ(G) = F (G/Φ(G)) and F (G)/Z∞(G) = F (G/Z∞(G)).
Let φ be some linear ordering on P. The record pφq means that p precedes q in φ and p 6= q. Recall
that a group G of order pα1
1
pα2
2
. . . pαnn is called φ-dispersed (Baer [10]) whenever p1φp2φ . . . φpn and
for every i there is a normal subgroup of G of order pα1
1
pα2
2
. . . pαii .
Proposition 2.8. Suppose that G is soluble.
(a) If every non-normal Sylow subgroup P of G with P ∩G′ 6= 1 satisfies the Frobenius normalizer
condition in G, then G φ-dispersed for some linear ordering φ on P.
(b) If G is not nilpotent but every non-normal Sylow subgroup of G satisfies the Frobenius
normalizer condition in G, then the following conditions holds:
(i) G has a Sylow basis P1, . . . , Pt such that for some 1 ≤ r < t the subgroups P1, . . . , Pr are
normal in G, Pi is not normal in G for all i > r and E = Pr+1 · · ·Pt is nilpotent.
(ii) F (G) is a maximal nilpotent subgroup of G and F (G) = F0(G)Z∞(G), where F0(G) =
P1 · · ·Pr.
(iii) NG(E) is a Carter subgroup of G.
(iv) VG = Zσ(G) for every maximal nilpotent subgroup V of G such that G = F (G)V .
Proof. Since G is soluble, it has a Sylow basis P1, . . . , Pt. We can assume without loss of
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generality that Pi is a pi-group for all i = 1, . . . t.
(b) Assume that this assertion is false and let G be a counterexample of minimal order.
(1) If N is a minimal normal subgroup of G, then the conclusions of the proposition hold for
G/N .
Since G is soluble, N is primary. Let p ∈ pi(G/N). Suppose that a Sylow p-subgroup P/N of
G/N is not normal G/N . Then P/N = GpN/N for some Sylow p-subgroup Gp of G. Moreover,
[8, Ch. A, Lemma 14.1(b)] implies that Gp is not normal in G. Hence Gp satisfies the Frobenius
condition in G by hypothesis and hence P/N = GpN/N satisfies the Frobenius condition in G/N by
Lemma 2.3. Therefore the hypothesis holds for G/N , so we have (1) by the choice of G.
(2) If Pi is not normal in G, then NG(Pi) is pi-decomposable.
Since NG(Pi)/CG(Pi) is a pi-group by hypothesis, a Hall p
′
i-subgroup V of NG(Pi) is normal in
NG(Pi). Hence we have (2).
(3) Statement (b)(i) holds for G.
Since G is not nilpotent, Lemma 2.2 and Claim (2) imply that for some 1 ≤ r < t the subgroups
P1, . . . , Pr are normal in G and Pi is not normal in G for all i > r. Then E = Pr+1 · · ·Pt is nilpotent
by Claim (2) and Lemma 2.3. Hence we have (3).
(4) Every subgroup V of G containing F (G) is subnormal in G, so F (V ) = F (G).
First note that G/F (G) = EF (G)/F (G) ≃ E/E ∩ F (G) is nilpotent by Claim (3). Therefore
V/F (G) is subnormal in G/F (G), which implies that V is subnormal in G. Then F (V ) ≤ F (G) by
Lemma 2.5. On the other hand, F (G) ≤ F (V ) and so F (V ) = F (G).
(5) Statement (b)(ii) holds for G.
First note that every nilpotent subgroup V of G containing F (G) is subnormal in G by Claim
(4), so V ≤ F (G) by Lemma 2.5. Therefore F (G) is a maximal nilpotent subgroup of G.
In fact, F (G) = F0(G)×Opi1 (G)× · · · ×Opim (G) for some i1, . . . , im ⊆ {r+1, . . . , t}. Moreover,
in view of Claim (6), we get that G/CG(Opik (G)) is a pik -group for every k = 1, . . . m and so for every
chief factor H/K of G with H ≤ Opik (G) we have CG(H/K) = G since Opik (G/CG(H/K)) = 1 by
[7, Appendixes, Corollary 6.4]. Therefore Opik (G) ≤ Z∞(G). Hence F (G) = F0(G)Z∞(G).
(6) Statement (b)(iii) holds for G.
The subgroup NG(Pi) is pi-decomposable for all i > r by Claim (2). Therefore, by Claim (3),
NG(E) = NG(Pr+1 × · · · × Pt) = NG(Pr+1) ∩ · · · ∩NG(Pt)
is nilpotent. On the other hand, NG(NG(E)) = NG(E) since G is soluble. Hence we have (6).
(7) Statement (b)(iv) holds for G
First we show that UG ≤ Z∞(G) for every nilpotent subgroup U of G such that G = F (G)U .
Suppose that this is false. Then UG 6= 1. Let R be a minimal normal subgroup of G contained in U
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and C = CG(R). Then
G/R = (F (G)R/R)(U/R) = F (G/R)(U/R),
so
UG/R = (U/R)G/R ≤ Z∞(G/R)
by Claim (1). Since G is soluble, R is a p-group for some prime p. Moreover, from G = F (G)U
we get that for some Hall p′-subgroups E, V and W of G, of F (G) and of U , respectively, we have
E = VW . But R ≤ F (G)∩U , where F (G) and U are nilpotent. Therefore E ≤ C, so R/1 is central
in G. Hence R ≤ Z∞(G) and so Z∞(G/R) = Z∞(G)/R by Lemma 2.6(1). But then UG ≤ Z∞(G).
Finally, Z∞(G) ≤ U by Lemma 2.6(2) and so UG = Z∞(G).
From Claims (3), (5), (6) and (7) it follow that all conclusions of the proposition hold for G,
contrary to the choice of G. This final contradiction completes the proof of Assertion (b).
(a) Assume that this assertion is false and let G be a counterexample of minimal order.
First assume that that for some p ∈ pi(G) and for a Sylow p-subgroup Gp of we have Gp∩G
′ = 1.
Then G is p-nilpotent, so G has a normal p-complement E. Now let P be a non-normal Sylow
subgroup of E with P ∩ E′ 6= 1. Then P is a non-normal Sylow subgroup of G and P ∩ G′ 6= 1.
Hence P satisfies the Frobenius normalizer condition in G and so P satisfies the Frobenius normalizer
condition in E by Lemma 2.3. Therefore the hypothesis holds for E, so E is φ-dispersed for some
linear ordering φ on P, so G is φ0-dispersed for some linear ordering φ0 on P, contrary to our
assumption about G. Therefore for every Sylow subgroup Gp of G we have Gp ∩G
′ 6= 1. But in this
case Statement (a) is a corollary of Statement (b).
The proposition is proved.
Proof of Theorem 1.4. First note that if every non-subnormal primary subgroup of G satisfies
the Frobenius normalizer condition, then in view of Propositions 2.5 and 2.8, G is one of the types
(a) or (b).
To complete the proof of the theorem it is enough to show that if G is a group of type (b),
then every non-subnormal primary subgroup H of G satisfies the Frobenius condition. Let H be
a p-group. Then for some i > r and x ∈ G we have H ≤ P xi ≤ E
x. Let N = NG(H). Then
[N ∩ F0(G),H] = 1 = [V,H], where V is a p-complement of E
x. Moreover, G = F0(G)⋊ Ex and so
N = (F0(G) ∩N)(N ∩E
x), which implies that NG(H)/CG(H) is a p-group. The theorem is proved.
3 Proof of Theorem 1.3
Suppose that this theorem is false and let G be a counterexample of minimal order. Then G is
not nilpotent. Moreover, Theorem 1.4 implies that G is soluble and it has a Sylow basis P1, . . . , Pt
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such that for some 1 ≤ r < t the subgroups P1, . . . , Pr are normal in G, Pi is not normal in G for all
i > r and E = Pr+1 · · ·Pt is nilpotent. Let F0(G) = P1 · · ·Pr.
(1) If A = Ap⋊Aq is any p-closed Schmidt subgroup of G, where p divides |A|, then Ap is normal
in G.
The subgroup Ap does not satisfy the Frobenius normalizer condition in G since A ≤ NG(Ap)
and A is not p-nilpotent. Therefore we have (1) by hypothesis.
(2) The conclusions of the theorem hold for every proper subgroup of G and for every quotient
G/N of G, where N is a minimal normal subgroup of G (See the proof of Proposition 2.8 and
Theorem 1.4).
(3) G/F (G) is abelian.
It is enough to show that G′ is nilpotent. Suppose that this is false. Let R be a minimal normal
subgroup of G.
(a) R = CG(R) = Op(G) = F (G)  Φ(G) for some prime p and |R| > p.
From Claim (2) it follows that for every minimal normal subgroup N of G, (G/N)′ = G′N/N ≃
G′/G′ ∩N is nilpotent.
If R 6= N , it follows that G′/((G′ ∩N)∩ (G′ ∩R)) = G′/1 is nilpotent. Therefore R is the unique
minimal normal subgroup of G, R ≤ G′ and, by Lemma 2.7, R  Φ(G). Hence R = CG(R) =
Op(G) = F (G) by Theorem 15.6 in [8, Ch. A], so |R| > p since otherwise G/R = G/CG(R) is cyclic,
which implies that G′ = R is nilpotent.
(b) G = P1 ⋊ P2, where R ≤ P1 = F (G) and P2 is a minimal non-abelian group.
From Claim (a) it follows that r = 1 and R ≤ P1 = F (G).
Now let W = P1V , where V is a maximal subgroup of E. Then W is subnormal in G and so
F (W ) = F (G) = P1 (see Claim (7) in the proof of Theorem 1.4). But then W/P1 = P1V/P1 ≃ V
is abelian by Claim (2). Therefore E is not abelian but every proper subgroup of E is abelian, so
E = P2 since E is nilpotent. Hence we have (b).
(c) P1 = R is a Sylow p-subgroup of G and every subgroup H 6= 1 of P2 acts irreducibly on R.
Hence every proper subgroup H of P2 is cyclic.
Since P1 is a normal Sylow p-subgroup of G, P1 ≤ F (G) ≤ CG(R) = R by Claim (a) and [8, Ch.
A, 13.8(b)] and so P1 = R.
Now let S = RH. By the Maschke’s theorem, R = R1 × · · · ×Rs, where Ri is a minimal normal
subgroup of S for all s. Then R = CS(R) = CS(R1) ∩ · · · ∩ CS(Rn). Hence for some i the subgroup
RiH is not nilpotent and so it has a Schmidt subgroup A such that 1 < A
′ is normal in G by Claim
(1). But then R ≤ A. Therefore i = 1, so we have (c) since H is abelian by Claim (b).
The final contradiction for (3). Since every maximal subgroup of P2 is cyclic by Claim (c), q = 2
by [9, Ch. 5, 4.3, 4.4]. Therefore |R| = p, contrary to Claim (a). Hence we have (3).
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(4) G/F (G) is cyclic.
Assume that this is false. First we show that Z∞(G) = 1 = Φ(F (G)). Assume that for some
minimal normal subgroup R of G we have either R ≤ Z∞(G) or R ≤ Φ(F (G)). Then F (G/R) =
F (G)/R by Lemma 2.7, so Claim (2) implies that (G/R)/F (G/R) = (G/R)/(F (G)/R) ≃ G/F (G) is
cyclic. This contradiction shows that Z∞(G) = 1 = Φ(F (G)). Therefore F (G) = F0(G) by Theorem
1.4 and also F0(G) = R1×· · ·×Rk for some minimal normal subgroups R1, . . . , Rk of G by [8, Ch.A,
Theorem 10.6(c)]. Since E ≃ G/F (G) is abelian by Claim (3), and G is not nilpotent, there is an
index i such that V = Ri ⋊ E is not nilpotent. Then CRi(E) 6= Ri. By the Maschke’s theorem,
Ri = L1× · · · ×Lm for some minimal normal subgroups L1, . . . , Lm of V . Then, since CRi(E) 6= Ri,
for some j we have Lj ⋊ E 6= Lj × E. Hence LjE contains a Schmidt subgroup Ap ⋊ Aq such that
Ap = Ri by Claim (1), so m = 1. But then E acts irreducible on Ri and hence G/F (G) ≃ E is
cyclic. This contradiction completes the proof of the fact that G/F (G) is cyclic.
(5) All maximal nilpotent subgroups U of G with F (G)U = G are Carter subgroups of G.
Suppose that this is false. Assume that for some minimal normal subgroup R of G we have R ≤
Z∞(G). By Lemma 2.6(2), R ≤ U . On the other, U/R is a maximal nilpotent non-normal subgroup
of G/R by Lemma 2.6(3). Hence Claim (2) implies that U/R is a Carter subgroup G/R, so U is a
Carter subgroup of G. Hence Z∞(G) = 1, so Theorem 1.4 implies that F (G) = F0(G) = P1 · · ·Pr.
Hence E ≃ G/F0(G) is abelian by Claim (3). Since G = F (G)U , for some x we have E
x ≤ U . Hence
U ≤ NG(E
x) since Ex is a Hall subgroup of G and so U = NG(E
x) is a Carter subgroup of G by
Theorem 1.4(b)(iii). This contradiction completes the proof of (5).
Claims (4) and (5) show that the conclusions of the theorem hold for G, contrary to the choice
of G. The theorem is proved.
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